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Abstract
In this paper, we prove that on every Finsler 2-dimensional sphere, either there exist infinitely many
prime closed geodesics or there exist at least two irrationally elliptic prime closed geodesics.
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1. Introduction and main results
This paper is devoted to a study on closed geodesics on Finsler 2-spheres. Let us recall firstly
the definition of the Finsler metrics.
Definition 1.1. (Cf. [28].) Let M be a finite-dimensional manifold. A function F :TM →
[0,+∞) is a Finsler metric if it satisfies:
(F1) F is C∞ on TM \ {0}.
(F2) F(x,λy) = λF(x, y) for all y ∈ TxM , x ∈M , and λ > 0.
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gx,y(u, v) ≡ 12
∂2
∂s∂t
F 2(x, y + su+ tv)∣∣
t=s=0, ∀u,v ∈ TxM,
is positive definite.
In this case, (M,F) is called a Finsler manifold. F is reversible if F(x,−y) = F(x, y) holds
for all y ∈ TxM and x ∈ M . F is Riemannian if F(x, y)2 = 12G(x)y · y for some symmetric
positive definite matrix function G(x) ∈ GL(TxM) depending on x ∈M smoothly.
A closed curve in a Finsler manifold is a closed geodesic if it is locally the shortest path
connecting any two nearby points on this curve (cf. [28]). As usual, on any Finsler 2-sphere
S2 = (S2,F ), a closed geodesic c :S1 = R/Z → S2 is prime if it is not a multiple covering (i.e.,
iteration) of any other closed geodesics. Here the mth iteration cm of c is defined by cm(t) =
c(mt). The inverse curve c−1 of c is defined by c−1(t) = c(1 − t) for t ∈ R. We call two prime
closed geodesics c and d distinct if there is no θ ∈ (0,1) such that c(t) = d(t + θ) for all t ∈ R.
We shall omit the word distinct when we talk about more than one prime closed geodesic. For a
closed geodesic c on (S2,F ), denote by Pc the linearized Poincaré map of c (cf. [31, p. 143]).
Then c is called hyperbolic if all the eigenvalues of Pc avoid the unit circle in C, elliptic if all the
eigenvalues of Pc are on the unit circle, irrationally elliptic if all the eigenvalues of Pc locate on
the unit circle and are of the form eiθ with θ/π being irrational numbers.
It was quite surprising when A. Katok [13] in 1973 found some non-symmetric Finsler metrics
on Sn with only finitely many prime closed geodesics and all closed geodesics are non-degenerate
and elliptic. In Katok’s examples the spheres S2n and S2n−1 have precisely 2n closed geodesics
(cf. also [31]). Based on the results of W. Klingenberg in [14], W. Ballmann, G. Thorbergsson
and W. Ziller in [1] and [2] on the existence and stability of closed geodesics under pinching
conditions, H.-B. Rademacher obtained existence and stability results on closed geodesics on
Finsler spheres in [25,26] and [27] under pinching or bumpy conditions. Note that results of
H. Hofer, K. Wysocki and E. Zehnder in [12] imply that there exist either two or infinitely many
prime closed geodesics on every Finsler 2-sphere provided all the closed geodesics together with
their iterations are non-degenerate and the stable and unstable manifolds of every hyperbolic
closed geodesic intersect transversally. In recent [3], V. Bangert and Y. Long proved that on
every Finsler 2-sphere, there always exist at least two prime closed geodesics (cf. also [21]).
On the other hand, H. Hofer, K. Wysocki and E. Zehnder in [11] proved that there exist either
two or infinitely many distinct closed characteristics on every convex compact smooth hypersur-
face in R4. Then Y. Long in [19] proved that if there exist precisely two closed characteristics on
such a hypersurface in R4, both of them must be elliptic. Note that recently W. Wang, X. Hu and
Y. Long in [29] further proved that both of them must be irrationally elliptic.
Motivated by these results, we prove the following theorem in this paper.
Theorem 1.2. On every Finsler 2-sphere with only finitely many prime closed geodesics, there
exist always at least two irrationally elliptic prime closed geodesics.
Remark 1.3. Comparing with the results in [3], Theorem 1.2 further proves the linear stability
of at least two closed geodesics. A. Katok’s metric on S2 possesses precisely two prime closed
geodesics c+ and c− whose linearized Poincaré maps are rotation matrices with rotation angles
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1±α for some α ∈ (0,1)\Q, i.e., both of them are irrationally elliptic. Thus Theorem 1.2 is sharp.
On the other hand, note that if there exist exactly 2 prime closed geodesics on a Finsler (S2,F ),
they must behave analytically precisely like those in A. Katok’s S2 (cf. Corollary 5.4 below).
Because all the geodesics on the standard Riemannian 2-sphere of constant curvature are closed
and possess linearized Poincaré maps I2, one cannot hope that Theorem 1.2 holds for all Finsler
2-spheres which possess infinitely many prime closed geodesics.
Our proof of Theorem 1.2 contains mainly four ingredients: Morse theory, the precise in-
dex iteration formulae of Y. Long proved in [19], existence theorems of N. Hingston, and
Rademacher’s mean index identity. Section 2 contains some preliminary materials used in our
proof including basic properties of critical modules of closed geodesics, Hingston’s theorems,
Betti numbers and Morse inequalities. In Section 3, we use results from [19] to classify closed
geodesics on S2 into nine classes. Note that an abstract mean index identity for closed geodesics
was first established by H.-B. Rademacher in [25]. In Section 4 we derive this identity with pre-
cise information on the dependence of coefficients in this identity on closed geodesics. Based on
these preparations, Theorem 1.2 is proved in Section 5.
In this paper, let N, N0, Z, Q, R, and C denote the sets of natural integers, non-negative
integers, integers, rational numbers, real numbers, and complex numbers, respectively. We denote
by [a] = max{k ∈ Z | k  a} for any real number a. Let (p, q) denotes the greatest common
divisor of p and q ∈ N. We use only singular homology modules with Q-coefficients. For k ∈ N,
we denote by Qk the direct sum Q ⊕ · · · ⊕ Q of k copies of Q and Q0 = 0. When S1 acts on a
topological space X, we denote by X the quotient space X/S1.
2. Preliminary results on critical modules of closed geodesics
In this section, we will review materials related to critical modules of closed geodesics. Details
can be found in [26] and [3] as well as [9] and [10].
On a compact Finsler manifold (M,F), we choose an auxiliary Riemannian metric. This
endows the space Λ = ΛM of H 1-maps γ : S1 → M with a natural Riemannian Hilbert manifold
structure on which the group S1 = R/Z acts continuously by isometries, cf. [15, Chapters 1
and 2]. This action is defined by translating the parameter, i.e.,
(s · γ )(t) = γ (t + s)
for all γ ∈ Λ and s, t ∈ S1. The Finsler metric F defines an energy functional E and a length
functional L on Λ by
E(γ )= 1
2
∫
S1
F
(
γ (t), γ˙ (t)
)2
dt, L(γ )=
∫
S1
F
(
γ (t), γ˙ (t)
)
dt. (2.1)
Both functionals are invariant under the S1-action. The critical points of E of positive energies
are precisely the nonconstant closed geodesics c :S1 → M of the Finsler structure. If c ∈ Λ is a
nonconstant closed geodesic then c is a regular curve, i.e., c˙(t) 	= 0 for all t ∈ S1, and this implies
that the second differential E′′(c) of E at c exists. As usual we define the index i(c) of c as the
maximal dimension of subspaces of TcΛ on which E′′(c) is negative definite, and the nullity
ν(c) of c so that ν(c)+ 1 is the dimension of the null space of E′′(c).
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φm(γ )(t) = γ (mt), ∀γ ∈ Λ, t ∈ S1. (2.2)
We also use the notation φm(γ ) = γm. For a closed geodesic c, the mean index is defined by
iˆ(c) = lim
m→∞
i(cm)
m
. (2.3)
If γ ∈ Λ is not constant then the multiplicity m(γ ) of γ is the order of the isotropy group
{s ∈ S1 | s · γ = γ }. If m(γ ) = 1 then γ is called prime. Hence m(γ ) = m if and only if there
exists a prime curve γ˜ ∈ Λ such that γ = γ˜ m.
For a closed geodesic c or a real number κ ∈ R, we denote by Λ(c) = {γ ∈ Λ |E(γ ) < E(c)}
and Λκ = {d ∈Λ | E(d) κ}, respectively. If A⊆ Λ is invariant under some subgroup Γ of S1,
we denote by A/Γ the quotient space of A with respect to the action of Γ . We abbreviate
Λκ = Λκ/S1.
Using singular homology with rational coefficients we will consider the following critical
Q-module of a closed geodesic c ∈Λ:
C∗(E, c) = H∗
((
Λ(c)∪ S1 · c)/S1,Λ(c)/S1). (2.4)
The reason we use Λ/S1 instead of Λ is that the Morse series of the first is lacunary, i.e., the
Betti numbers bi(Λ/S1,Λ0/S1) satisfy b2i = 0 for all i ∈N0.
In order to relate the critical modules to the index and nullity of c we use the results of D. Gro-
moll and W. Meyer from [7,8]. Following [26, Section 6.2], we introduce finite-dimensional
approximations to Λ. We choose an arbitrary energy value a > 0 and k ∈ N such that every
F -geodesic of length <
√
2a/k is minimal. Then
Λ(k,a) = {γ ∈Λ ∣∣E(γ ) < a and γ |[i/k,(i+1)/k] is an F -geodesic for i = 0, . . . , k − 1}
is a (k · dimM)-dimensional submanifold of Λ consisting of closed geodesic polygons with k
vertices. The set Λ(k,a) is invariant under the subgroup Zk of S1. Closed geodesics in Λa− =
{γ ∈ Λ | E(γ ) < a} are precisely the critical points of E|Λ(k,a), and for every closed geodesic
c ∈ Λ(k,a) the index of (E|Λ(k,a))′′(c) equals i(c) and the null space of (E|Λ(k,a))′′(c) coincides
with the nullspace of E′′(c), cf. [26, p. 51], and [3, §3].
We say that a closed geodesic satisfies the isolation condition, if the following holds:
(Iso) For all m ∈ N the orbit S1 · cm is an isolated critical orbit of E.
Note that if the number of prime closed geodesics on a Finsler manifold is finite, then all the
closed geodesics satisfy (Iso).
Now we can apply the results of D. Gromoll and W. Meyer [7] to a given closed geodesic c
satisfying (Iso). If m = m(c) is the multiplicity of c, we choose a finite-dimensional approxima-
tion Λ(k,a) ⊆ Λ containing c such that m divides k. Then the isotropy subgroup Zm ⊆ S1 of
c acts on Λ(k,a) by isometries. Let D be a Zm-invariant local hypersurface transverse to S1 · c
in c ∈ D. According to [7, Lemma 1], for every such D we can find a product neighborhood
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phism
ψ :B = B+ ×B− ×B0 →ψ(B+ ×B− ×B0) ⊆ D
from B onto an open subset ψ(B) ⊆ D such that ψ(0) = c and ψ is Zm-invariant, and there
exists a smooth function f :B0 → R satisfying
f ′(0) = 0 and f ′′(0) = 0 (2.5)
and
E ◦ψ(x+, x−, x0) = |x+|2 − |x−|2 + f (x0), (2.6)
for (x+, x−, x0) ∈ B+ × B− × B0. As usual, we call N = {ψ(0,0, x0) | x0 ∈ B0} a local char-
acteristic manifold at c, and U = {ψ(0, x−,0) | x− ∈ B−} a local negative disk at c. Both N
and U are Zm-invariant. It follows from (2.6) that c is an isolated critical point of E|N . We set
N− = N ∩Λ(c), U− = U ∩Λ(c) = U \ {c} and D− = D ∩Λ(c). Using (2.6), the fact that c is
an isolated critical point of E|N , and the Künneth formula, one concludes
H∗
(
D− ∪ {c},D−)= H∗(U− ∪ {c},U−)⊗H∗(N− ∪ {c},N−), (2.7)
where
Hq
(
U− ∪ {c},U−)= Hq(U,U \ {c})=
{Q, if q = i(c),
0, otherwise,
(2.8)
cf. [26, Lemma 6.4 and its proof]. As studied in [26] and [3] for a Zm-space pair (X,A), let
H∗(X,A)±Zm =
{[ξ ] ∈H∗(X,A) ∣∣ T∗[ξ ] = ±[ξ ]}, (2.9)
where T is a generator of the Zm-action.
The following proposition was proved in [26] and [3].
Proposition 2.1. (Cf. Satz 6.6 and 6.11 of [26] or Proposition 3.12 of [3].) Let c be a prime
closed geodesic on a Finsler manifold (M,F) satisfying (Iso). Then we have
Cq
(
E,cm
)≡ Hq((Λ(cm)∪ S1 · cm)/S1,Λ(cm)/S1)
= (Hi(cm)(U−cm ∪ {cm},U−cm)⊗Hq−i(cm)(N−cm ∪ {cm},N−cm))+Zm.
(i) If ν(cm) = 0, then
Cq
(
E,cm
)= {Q, if i(cm)− i(c) ∈ 2Z, and q = i(cm),0, otherwise.
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Cq
(
E,cm
)= Hq−i(cm)(N−cm ∪ {cm},N−cm)β(cm)Zm,
where β(cm)= (−1)i(cm)−i(c).
(iii) For all q ∈ Z and m ∈ N,
Hq
(
N−cm ∪
{
cm
}
,N−cm
)+Zm = Hq(N−cm ∪ {cm}/Zm,N−cm/Zm).
As in [3,7] and [22], we introduce the following
Definition 2.2. Suppose c is a closed geodesic of multiplicity m(c) = m satisfying (Iso). If N is
a local characteristic manifold at c, N− = N ∩Λ(c) and j ∈ Z, we define
kj (c) ≡ dimHj
(
N− ∪ {c},N−),
k±1j (c) ≡ dimHj
(
N− ∪ {c},N−)±Zm.
Clearly the integers kj (c) and k±1j (c) are equal to 0 when j < 0 or j > ν(c) and can only take
values 0 or 1 when j = 0 or j = ν(c).
Proposition 2.3. (See Lemma 3.10 of [3], Lemma 2.4 of [22].) Let c be a prime closed geodesic
on a Finsler manifold (M,F) satisfying (Iso).
(i) For any m ∈ N and j ∈ Z,
0 k±1j
(
cm
)
 kj
(
cm
)
.
(ii) For any m ∈ N,
k+10
(
cm
)= k0(cm), k−10 (cm)= 0.
(iii) In particular, if cm is non-degenerate, i.e., ν(cm) = 0, then
k+10
(
cm
)= k0(cm)= 1, k−10 (cm)= 0.
Following the ideas of D. Gromoll and W. Meyer on the degenerate part of the critical module
in Theorem 3 of [8], we have the following results.
Proposition 2.4. (Cf. Theorem 3 of [8], Section 7.1 of [26] and Theorem 3.11 of [3].) Let c be
a prime closed geodesic on a Finsler manifold (M,F) satisfying (Iso). Suppose for some integer
m = np  2 with n and p ∈ N the nullities satisfy
ν
(
cm
)= ν(cn).
Then the following holds for the degenerate part of the critical modules of E with coefficient Q:
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Hj
(
N−cm ∪
{
cm
}
,N−cm
)∼= Hj (N−cn ∪ {cn},N−cn),
kj
(
cm
)= kj (cn).
(ii) For any integer j ,
Hj
(
N−cm ∪
{
cm
}
,N−cm
)±Zm ∼= Hj (N−cn ∪ {cn},N−cn)±Zn ,
k±1j
(
cm
)= k±1j (cn).
Proposition 2.5. (Cf. Satz 6.13 of [26], Lemma 3.10 of [3], and Proposition 2.6 of [22].) Let c be
a prime closed geodesic on a Finsler manifold (M,F) satisfying (Iso). For any m ∈ N, we have
(i) if k0(cm) = 1, then k±1j (cm)= 0 for 1 j  ν(cm),
(ii) if k+1ν(cm)(cm)= 1 or k−1ν(cm)(cm) = 1, then k±1j (cm) = 0 for 0 j  ν(cm)− 1,
(iii) if k+1j (cm) 1 or k−1j (cm) 1 for some 1 j  ν(cm)− 1, then k±1ν(cm)(cm)= 0 = k0(cm),
(iv) in particular, if ν(cm) 2, then only one of the numbers kj (cm) can be non-zero.
We need also the relative homological structure of the quotient space Λ ≡ ΛS2 and the
S1-equivariant version of the Morse inequality, where Λ0 = Λ0S2 = {constant point curves
in S2} ∼= S2.
Theorem 2.6. (See H.-B. Rademacher [25, Theorem 2.4].) We have the Poincaré series
P
(
ΛS2,Λ0S2
)
(t) = td−1
(
1
1 − t2 +
td(n+1)−2
1 − td(n+1)−2
)
1 − tdn
1 − td = t + 2
∑
k1
t2k+1,
where d = 2 and n = 1. Thus for q ∈ Z, we have
bq = bq
(
ΛS2,Λ0S2
)= rankHq(ΛS2,Λ0S2)=
⎧⎨
⎩
1, if q = 1,
2, if q = 2k + 1, k ∈ N,
0 otherwise.
We need the following version of the Morse inequality.
Theorem 2.7. (See Theorem 6.1 of [26].) Suppose that there exist only finitely many prime
closed geodesics {cj }1jk on (M,F), and 0  a < b ∞ are regular values of the energy
functional E. For each q ∈ Z define Mq(Λb,Λa) =∑1jk ∑a<E(cmj )<b rankCq(E, cmj ) and
bq(Λ
b,Λa)= rankHq(Λb,Λa). Then
q∑
j=0
(−1)q−jMj
(
Λb,Λa
)

q∑
j=0
(−1)q−j bj
(
Λb,Λa
)
,
Mq
(
Λb,Λa
)
 bq
(
Λb,Λa
)
.
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Hq
(
Λb,Λa
)= 0.
We will use the following theorem of N. Hingston for the S2 case. Note that by Theo-
rems 10.1.2 and 10.1.3 of [20], originally proved in [17], the inequalities on indices in [9] and
[10] become equalities.
Theorem 2.8. (Follows from Proposition 1 of [9] and the main theorem of [10].) Let c be a
closed geodesic with length L on a Finsler 2-sphere S2 = (S2,F ) such that as a critical orbit of
the energy function E on ΛS2, every orbit S1 · cm is isolated. Suppose one of the following two
conditions holds:
(i) k0(c) > 0, i(cm) = m(i(c)+ 1)− 1 and ν(cm) = ν(c) for all m ∈ N, or
(ii) kν(c)(c) > 0, i(cm)+ ν(cm) = m(i(c)+ ν(c)− 1)+ 1 and ν(cm) = ν(c) for all m ∈ N.
Then there exist infinitely many prime closed geodesics on (S2,F ).
Remark 2.9. Note that the condition on k0(c) or kν(c)(c) means that c is a local minimum or
maximum in the local characteristic manifold Nc at c, respectively.
3. Classification of closed geodesics on S2 and existence theorems
Let c be a closed geodesic on a Finsler 2-sphere S2 = (S2,F ). Denote the linearized Poincaré
map of c by Pc : R2 → R2. Note that the index iteration formulae in [19] of 2000 (cf. Chapter 8
of [20]) work for Morse indices of iterated closed geodesics (cf. [17], Chapter 12 of [20], also [1,
2,4]). Since every closed geodesic on a sphere is orientable, by Theorem 1.1 of [16] of C. Liu (cf.
also [30]), the Morse index of a closed geodesic c on a 2-dimensional Finsler sphere coincides
with the index of a corresponding symplectic path introduced by C. Conley, E. Zehnder, and
Y. Long in 1984–1990 (cf. [6,18,23], as well as [20]). Therefore the iteration formulae of Morse
indices of c must be one of the following nine cases in Section 8.1 of [20].
Case 1. Pc is conjugate to a matrix
( 1 b
0 1
)
for some b > 0.
In this case, by 1◦ of Theorem 8.1.4 of [20], we have i(c) = 2p − 1 for some p ∈ N, and
i
(
cm
)= 2mp − 1, ν(cm)= 1, ∀m 1. (3.1)
Case 2. Pc = I2, the 2 × 2 identity matrix.
In this case by 2◦ of Theorem 8.1.4 of [20], we have i(c) = 2p − 1 for some p ∈ N, and
i
(
cm
)= 2mp − 1, ν(cm)= 2, ∀m 1. (3.2)
Case 3. Pc is conjugate to a matrix
( 1 −b) for some b > 0.0 1
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i
(
cm
)= 2mp, ν(cm)= 1, ∀m 1. (3.3)
Case 4. Pc is conjugate to a matrix
(−1 −b
0 −1
)
for some b > 0.
In this case by 1◦ of Theorem 8.1.5 of [20], we have i(c) = 2p + 1 for some p ∈ N0, and
i
(
cm
)= m(2p + 1)− 1 + (−1)m
2
, ν
(
cm
)= 1 + (−1)m
2
, ∀m 1. (3.4)
Case 5. Pc = −I2.
In this case by 2◦ of Theorem 8.1.5 of [20], we have i(c) = 2p + 1 for some p ∈ N0, and
i
(
cm
)= m(2p + 1)− 1 + (−1)m
2
, ν
(
cm
)= 1 + (−1)m, ∀m 1. (3.5)
Case 6. Pc is conjugate to a matrix
(−1 b
0 −1
)
for some b > 0.
In this case by 3◦ of Theorem 8.1.5 of [20], we have i(c) = 2p + 1 for some p ∈ N0, and
i
(
cm
)= m(2p + 1), ν(cm)= 1 + (−1)m
2
, ∀m 1. (3.6)
Case 7. Pc is rationally elliptic, i.e., it is conjugate to some rotation matrix R(θ) =
(
cos θ − sin θ
sin θ cos θ
)
with some θ ∈ (0,π)∪ (π,2π) and θ/π ∈ Q.
In this case by Theorem 8.1.7 of [20], we have i(c) = 2p + 1 for some p ∈ N0, and
i
(
cm
)=
{
2mp + 2[mθ2π ]+ 1, ν(cm)= 0, if mθ 	= 0 mod 2π ,
2mp + 2[mθ2π ]− 1, ν(cm)= 2, if mθ = 0 mod 2π . (3.7)
Case 8. Pc is irrationally elliptic, i.e., it is conjugate to some rotation matrix R(θ) =
(
cos θ − sin θ
sin θ cos θ
)
with some θ ∈ (0,π)∪ (π,2π) and θ/π /∈ Q.
In this case by Theorem 8.1.7 of [20], we have i(c) = 2p + 1 for some p ∈ N0, and
i
(
cm
)= 2mp + 2[mθ
2π
]
+ 1, ν(cm)= 0, ∀m 1. (3.8)
Case 9. Pc is hyperbolic, i.e., it is conjugate to the matrix
( b 0
0 1/b
)
for some b > 0 or b < 0.
In this case, by Theorem 8.1.6 of [20], we have i(c) = p for some p ∈ N0, and
i
(
cm
)= mp, ν(cm)= 0, ∀m 1. (3.9)
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An important abstract version of a mean index identity for closed geodesics on Finsler man-
ifolds with only finitely many prime closed geodesics was established by H.-B. Rademacher in
Theorem 7.9 of [26]. In the following Theorem 4.4, we derive precise dependence of coeffi-
cients in this mean index identity on closed geodesics. This dependence is crucial in our proof in
Section 5 below.
Definition 4.1. Let M = (M,F) be a compact Finsler manifold of dimension n, c be a prime
closed geodesic on M . For each m ∈ N, the critical type numbers of cm is defined by the following
2n− 1 tuple of integers via Definition 2.2
K
(
cm
)≡ (kβ0 (cm), kβ1 (cm), . . . , kβ2n−2(cm))
= (kβ(cm)0 (cm), kβ(cm)1 (cm), . . . , kβ(cm)ν(cm) (cm),0, . . . ,0),
where β = β(cm)= (−1)i(cm)−i(c). We call a prime closed geodesic c homologically invisible if
K(cm) = 0 for all m ∈ N, or homologically visible otherwise.
Lemma 4.2. Let c be a prime closed geodesic on a Finsler 2-sphere (S2,F ). Then there exists a
minimal integer N ∈ N such that
ν
(
cm+N
)= ν(cm), i(cm+N )− i(cm) ∈ 2Z, ∀m ∈ N,
K
(
cm+N
)= K(cm), ∀m ∈ N.
In particular according to the classification in Section 3, we have
N = 1, if c is of Case 1, 2, 3, or 8,
N = 2, if c is of Case 4, 5, or 6,
N = P, if c is of Case 7 with θ2π = QP , (P,Q) = 1,
N = 1, if c is of Case 9 with i(c) ∈ 2Z,
N = 2, if c is of Case 9 with i(c) ∈ 2Z + 1.
Proof. According to Section 3, the closed geodesic c belongs to one and only one of the 9 cases
there. We apply Proposition 2.4 to each case, respectively. In Case 1, 2, 3, or 8, ν(cm) = const
for all m ∈ N, and i(cm)− i(c) is always even, so we obtain N = 1 by Proposition 2.4.
In Case 4 or 5, i(cm) − i(c) is always even, and we have ν(cm) = 1+(−1)m2 or ν(cm) = 1 +
(−1)m, respectively. So we obtain N = 2.
In Case 6, we have
i
(
cm
)− i(c) = (m− 1)(2p + 1) ∈ { even, ν(cm) = 0, if m is odd,
odd, ν(cm) = 1, if m is even.
Thus we have N = 2.
630 Y. Long, W. Wang / Journal of Functional Analysis 255 (2008) 620–641In Case 7, denote by θ2π = QP with P,Q ∈ N and (P,Q) = 1. Since i(cm) − i(c) is always
even, we obtain N = P .
In Case 9, i(cm)− i(c) = (m− 1)p. If p is odd, we have
i
(
cm
)− i(c) = (m− 1)p ∈ { even, if m is odd,
odd, if m is even.
Thus we obtain N = 2 in this case. If p is even, i(cm) − i(c) is always even, so in this case we
have N = 1. The proof is complete. 
Because Morse indices are always non-negative, i.e., i(cm)  0 for every prime closed
geodesic c and m ∈ N, we always have iˆ(c) 0.
Lemma 4.3. Suppose that there are only finitely many prime closed geodesics on (S2,F ). If
iˆ(c) = 0 holds for a prime closed geodesic c, then this c must belong to Case 3 in Section 3 and
must be homologically invisible.
Proof. Denote all the prime closed geodesics on (S2,F ) by {cj }1jk . Let c be a prime closed
geodesic on (S2,F ) satisfying iˆ(c) = 0. Then c must belong to Case 3 or Case 9 by our classifi-
cation in Section 3, In either case, we have
i
(
cm
)= 0, ∀m ∈ N. (4.1)
In Case 3, we have i(cm)+ ν(cm) = 2mp+ 1, m(i(c)+ ν(c)− 1)+ 1 = m(2p+ 1− 1)+ 1 =
2mp + 1, and ν(cm) = ν(c) = 1 for all m ∈ N. If k1(c) 	= 0, we can apply Theorem 2.8 to get
infinitely many prime closed geodesics, which contradicts to the assumption. Hence we must
have k1(c) = 0. If k0(c) = 0, then by Proposition 2.1 this c is homologically invisible as claimed.
If c is of Case 3 and k0(c) = 1 further holds, then by Proposition 2.4 we obtain
k0
(
cm
)= 1, ∀m ∈ N. (4.2)
If c belongs to Case 9, each cm is a local minimum point of E by (3.9) and (4.1), which then
yields (4.2). Thus we can handle these two cases together, i.e., there is a prime closed geodesic
c ≡ ck on (S2,F ) satisfying (4.1) and (4.2).
Without loss of generality, we suppose among all cj with 1 j  k there hold iˆ(cj ) > 0 for
1 j  l and iˆ(cj ) = 0 for l + 1 j  k for some l ∈ {1, . . . , k − 1}. Then by our argument in
the previous paragraph, we must have
k1(cj ) = 0, ∀l + 1 j  k. (4.3)
Since iˆ(cj ) > 0 and then limm→∞ i(cmj ) = ∞ for 1  j  l, we can choose an a ∈ R large
enough such that i(cmj ) > 1 holds whenever E(c
m
j ) > a and 1 j  l. In particular, by Proposi-
tion 2.1 this implies
C1
(
E,cm
)= 0, for 1 j  l, (4.4)j
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l+ 1 j  k and m ∈ N. Then by the last conclusion of Theorem 2.7, we obtain H1(Λ,Λb) = 0
for all b a. Considering the exact sequence for the triple (Λ,Λb,Λ0), we have
0 = H1
(
Λ,Λb
) ∂1∗−−→H0(Λb,Λ0) i0∗−−→ H0(Λ,Λ0)= 0,
where the right-hand side module vanishes by Theorem 2.6. Hence we obtain
H0
(
Λb,Λ0
)= 0, ∀b a.
Now we choose an m ∈ N great enough such that κ ≡ E(cm) > a for c = ck . Then because the
total number of prime closed geodesics is finite, we can choose two regular values b1 and b2 of
E such that a < b1 < κ = E(cm) < b2 and κ is the only critical value of E in [b1, b2]. Then the
following exact sequence for the triple (Λb2,Λb1 ,Λ0),
0 = H0
(
Λb2,Λ0
)→ H0(Λb2,Λb1)→ H−1(Λb1 ,Λ0)= 0,
yields
H0
(
Λb2,Λb1
)= 0. (4.5)
On the other hand, by an S1-equivariant version of Theorem 1.4.2 on p. 35 of [5], we obtain
H0
(
Λb2 ,Λb1
)= k⊕
j=1
⊕
E(c
q
j )=κ
C0
(
E,c
q
j
)
,
and the right-hand side of above has at least one term C0(E, cm) = Q. This yields a contradiction
to (4.5) and proves the lemma. 
Theorem 4.4. Suppose that there exist only finitely many prime closed geodesics {cj }1jp on
(S2,F ). Denote the homologically visible ones by cj with 1 j  k for some k ∈ {0,1, . . . , p}.
Note that iˆ(cj ) > 0 holds for 1 j  k by Lemma 4.3. Then the following equality holds
∑
1jk
1mNj ,0l2
(−1)i(cj )+lβ(cmj )kβl (cmj ) 1
Nj iˆ(cj )
= −1, (4.6)
where Nj = N(cj ) ∈ N is the number defined in Lemma 4.2 for cj , kβl (cmj ) are the critical type
numbers of cmj , and β(cmj ) = (−1)i(c
m
j )−i(cj )
.
Proof. Because the proof is similar to that of Theorem 5.4 in [22], we give a sketch here.
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tion 2.1, the formal Morse series M(t) =∑q0,m1,1jk dimCq(E, cmj )tq becomes
M(t) =
∑
1jk,0l2
m1
k
β
l
(
cmj
)
t
i(cmj )+l =
∑
1jk,0l2
1mNj , s0
k
β
l
(
cmj
)
t
i(c
sNj+m
j )+l ,
where the last equality follows from Lemma 4.2. Denote M(t) by M(t) =∑∞h=0 whth. Then we
have
wh =
∑
1jk,0l2
1mNj
k
β
l
(
cmj
)#{
s ∈ N0
∣∣ i(csNj+mj )+ l = h}. (4.7)
Claim 1. {wh}h0 is bounded.
In fact, we have
#{s ∈ N0 ∣∣ i(csNj+mj )+ l = h}
= #{s ∈ N0 ∣∣ i(csNj+mj )+ l = h, ∣∣i(csNj+mj )− (sNj +m)iˆ(cj )∣∣ 1}
 #
{
s ∈ N0
∣∣ ∣∣h− l − (sNj +m)iˆ(cj )∣∣ 1}
= #
{
s ∈ N0
∣∣∣ h− l − 1 −miˆ(cj )
Nj iˆ(cj )
 s  h− l + 1 −miˆ(cj )
Nj iˆ(cj )
}
 2
Nj iˆ(cj )
+ 2,
where the first equality follows from the fact |i(cm) − miˆ(c)|  2 − 1 = 1 (cf. Theorem 1.4 of
[25]). Hence Claim 1 holds.
Next we estimate Mn(−1). Using (4.7) we obtain
Mn(−1) ≡
n∑
h=0
wh(−1)h
=
∑
1jk,0l2
1mNj
(−1)i(cj )+lβ(cmj )kβl (cmj ) #{s ∈ N0 ∣∣ i(csNj+mj )+ l  n}. (4.8)
The equality holds because
(−1)i(c
sNj+m
j )+l = (−1)i(cmj )+l = (−1)i(cj )+l (−1)i(cmj )−i(cj ) = (−1)i(cj )+lβ(cmj ),
in which the first equality follows from Lemma 4.2.
Y. Long, W. Wang / Journal of Functional Analysis 255 (2008) 620–641 633Claim 2. There is a real constant C > 0 such that
∣∣∣∣Mn(−1)− ∑
1jk,0l2
1mNj
(−1)i(cj )+lβ(cmj )kβl (cmj ) n
Nj iˆ(cj )
∣∣∣∣ C. (4.9)
In fact, we have
#{s ∈ N0 ∣∣ i(csNj+mj )+ l  n}
= #{s ∈ N0 ∣∣ i(csNj+mj )+ l  n, ∣∣i(csNj+mj )− (sNj +m)iˆ(cj )∣∣ 1}
 #
{
s ∈ N0
∣∣ 0 (sNj +m)iˆ(cj ) n− l + 1}
= #
{
s ∈ N0
∣∣∣ 0 s  n− l + 1 −miˆ(cj )
Nj iˆ(cj )
}
 n− l + 1
Nj iˆ(cj )
+ 2.
On the other hand, we have
#{s ∈ N0 ∣∣ i(csNj+mj )+ l  n}
 #
{
s ∈ N0
∣∣ i(csNj+mj ) (sNj +m)iˆ(cj )+ 1 n− l}
 #
{
s ∈ N0
∣∣∣ 0 s  n− l − 1 −miˆ(cj )
Nj iˆ(cj )
}
 n− l − 1
Nj iˆ(cj )
− 2.
Combining these two estimates together, we obtain (4.9).
As in p. 198 of [22], note that by Satz 7.8 of [26] we have B(2,1) = −1, where B(d,m) =
− m(m+1)d2d(m+1)−4 . Therefore using the above two claims and the fact that
lim
n→∞
1
n
Mn(−1)= lim
n→∞
1
n
Pn(−1) = B(2,1) = −1,
by the same proof of Theorem 5.4 of [22] we obtain (4.6). 
Remark 4.5. If c is a hyperbolic prime closed geodesic, then we have
∑
1mN ,0l2
(−1)i(cj )+lβ(cmj )kβl (cmj ) 1
Nj iˆ(cj )
= γcj
iˆ(cj )
, (4.10)
j
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γcj =
{
− 12 , if i(cj ) is odd,
1, if i(cj ) is even.
In particular, (4.10) coincides with the formula obtained in [25].
Lemma 4.6. Suppose that there exists a closed geodesic d on (S2,F ) satisfying (Iso) such that in
the classification of Section 3, d belongs to Case 1 with k0(d) = 1, Case 2 with k0(d)+k2(d)= 1,
or Case 3 with k1(d)= 1. Then there exist infinitely many prime closed geodesics on (S2,F ).
Proof. When d belongs to Case 1, we have i(d) = 2p − 1, i(dm) = 2mp − 1 = m(2p − 1 +
1)− 1 = m(i(d)+ 1)− 1, and ν(dm) = ν(d) = 1 for all m ∈ N. Thus if k0(d)= 1, we can apply
Theorem 2.8 to obtain infinitely many prime closed geodesics.
When d belongs to Case 2, we have i(d) = 2p − 1, i(dm) = 2mp − 1, and ν(dm) = 2 for all
m ∈ N. Thus i(dm) + ν(dm) = 2mp − 1 + 2 = 2mp + 1 = m(2p − 1 + 2 − 1) + 1 = m(i(d) +
ν(d)−1)+1, i(dm) = 2mp−1 = m(2p−1+1)−1 = m(i(d)+1)−1, and ν(dm)= ν(d) = 2
hold for all m ∈ N. Hence d satisfies the relations of indices and nullities in Theorem 2.8. Thus
if k0(d) = 1 or k2(d) = 1, Theorem 2.8 implies the existence of infinitely many prime closed
geodesics.
When d belongs to Case 3, we have i(d) = 2p, i(dm)+ν(dm) = 2mp+1 = m(2p+1−1)+
1 = m(i(d) + ν(d) − 1) + 1, and ν(dm) = ν(d) = 1 for all m ∈ N. If k1(d) 	= 0, we can apply
Theorem 2.8 to get infinitely many prime closed geodesics. 
5. Proof of the main Theorem 1.2
Lemma 5.1. Suppose that there are only finitely many prime closed geodesics on (S2,F ). If there
exists one irrationally elliptic closed geodesic on (S2,F ), then there must be anther irrationally
elliptic closed geodesic on (S2,F ).
Proof. Suppose that there exist only finitely many prime closed geodesics {cj }1jp on (S2,F ).
Denote the homologically visible ones by cj with 1 j  k for some k ∈ {1, . . . , p}. By assump-
tion, we can assume c1 is irrationally elliptic. Then by Theorem 4.4, the following identity holds
−1
iˆ(c1)
+
∑
2jk
1mNj ,0l2
(−1)i(cj )+lβ(cmj )kβl (cmj ) 1
Nj iˆ(cj )
= −1, (5.1)
where Nj = N(cj ) ∈ N is the number defined in Lemma 4.2 for cj , kβl (cmj ) ∈ N0 are the
critical type numbers of cmj and β(c
m
j ) = (−1)i(c
m
j )−i(cj )
. In fact, by Lemma 4.2 we have
N1 = N(c1) = 1. By (3.8) we have i(c1) is odd and c1 is non-degenerate. Hence by Propo-
sition 2.1 and Definition 2.2 we have kβ(c1)l (c1) = k+1l (c1) = δ0l for l ∈ N0, where we have
used the fact that β(c1) = (−1)i(c1)−i(c1) = 1. Here δji = 1 when i = j and δji = 0 when
i 	= j . Thus the first term in the left-hand side of (5.1) follows from (4.6). By (3.8) we have
iˆ(c1) = 2p + θπ ∈ R \ Q for some p ∈ N0. Then (5.1) implies that at least one iˆ(cj ) for some
2  j  k must be irrational, which must be irrationally elliptic by the classification of closed
geodesics in Section 3. 
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be a closed geodesic c of Case 3 in Section 3 and be homologically visible. Then homologically
c can be viewed as a hyperbolic closed geodesic with an even initial index in Case 9 of Section 3.
Let c be a closed geodesic of Case 6 in Section 3, then homologically c can be viewed as a
hyperbolic closed geodesic with an odd initial index in Case 9 of Section 3.
Proof. In Case 3, since c is homologically visible, i.e., k0(c)+k1(c) = 1 must hold. If k1(c) = 1,
then we apply Lemma 4.6 to get infinitely many prime closed geodesics, which contradicts to the
finiteness assumption. Hence there must hold
k0(c) = 1. (5.2)
By (3.3) and Lemma 4.3, we have i(cm) = mi(c), i(c) ∈ 2N, and β(cm) = 1 for all m ∈ N. Thus
Cq(E, c
m) = δqi(cm)Q by Proposition 2.1 and (5.2). Therefore homologically c can be viewed as
a hyperbolic closed geodesic with an even initial index in Case 9 of Section 3 by Proposition 2.1.
In Case 6, let d = c2. Then d belongs to Case 3, and we have kl(d) = kl(c2), for l ∈ {0,1}. If
k1(d) = 1, then we can apply Lemma 4.6 to get infinitely many prime closed geodesics, which
contradicts to the finiteness assumption. Hence k1(d)= 0, and then by Lemma 2.3 we obtain
k−11
(
c21
)
 k1
(
c21
)= 0 and k−10 (c21)= 0. (5.3)
Now by (3.6) we have i(c) ∈ 2N − 1, i(cm) = mi(c) and then β(cm) = (−1)m−1 for all m ∈ N.
Thus for m ∈ N and q ∈ N0 Proposition 2.1 and (5.3) yield
Cq
(
E,c2m−1
)= Q if q = i(c2m−1),
Cq
(
E,cm
)= 0 otherwise.
Therefore homologically c can be viewed as a hyperbolic closed geodesic with an odd initial
index in Case 9 of Section 3 by Proposition 2.1. 
Lemma 5.3. Suppose a closed geodesic c belongs to Case 4 or 5 in Section 3, then homologically
c can be viewed as a rational elliptic closed geodesic with rotation angle π in Case 7 of Section 3.
Suppose a closed geodesic c belongs to Case 1 in Section 3, then homologically c can be viewed
as a closed geodesic of Case 2.
Proof. In Case 4 or 5, we have i(c) = 2p + 1 for some p ∈ N0. Then by (3.4) and (3.5), the
following holds
i
(
cm
)= m(2p + 1)− 1 + (−1)m
2
=
{
2mp + 2[m2 ]+ 1, ν(cm) = 0, if m 	= 0 mod 2,
2mp + 2[m2 ]− 1, ν(cm) = j , if m = 0 mod 2,
where j = 1 or 2 when c belongs to Case 4 or 5, respectively. When c belongs to Case 4, by
Definition 4.1 of critical type numbers, K(c2m) = (kβ(c2m)(c2m), kβ(c2m)(c2m),0). Hence c can0 1
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2m)
2 (c
2m) = 0. Thus Pc
plays the same role as a rotation matrix with rotation angle π . A similar argument yields the
latter part of the lemma. 
In the following for the notation introduced in Section 2 we use specially Mj =
Mj(ΛS
2,Λ0S2) and bj = bj (ΛS2,Λ0S2) for j = 0,1,2, . . . .
Proof of Theorem 1.2. By [24], there exists at least a closed geodesic on (S2,F ). Suppose that
there are only finitely many prime closed geodesics on (S2,F ). By Lemma 5.1, in order to prove
there exist at least two irrationally elliptic closed geodesics on (S2,F ), it suffices to prove that
there must be one. We prove this by contradiction. In the following, we suppose that there exist
only finitely many prime closed geodesics on (S2,F ) and none of them is irrationally elliptic.
We denote the prime closed geodesics on (S2,F ) by {cj }1jp . We classify these geodesics
into 5 classes:
(i) c belongs to Case 1 or 2 in Section 3 and c is homologically visible.
(ii) c belongs to Case 4, 5 or 7 in Section 3.
(iii) c belongs to Case 3 in Section 3 and c is homologically visible, or c belongs to Case 9 in
Section 3 with an even initial index.
(iv) c belongs to Case 6 in Section 3, or c belongs to Case 9 in Section 3 with an odd initial
index.
(v) c is homologically invisible.
By Lemmas 5.2 and 5.3, we see that closed geodesics in the same class have the same homo-
logical property. We assume in the following that {cj }ni−1<jni belong to class i, for 1 i  5
with n0 = 0 and n5 = p.
For 0 = n0 < j  n1, we have
i
(
cmj
)= 2mpj − 1, ∀m ∈ N, (5.4)
for some pj ∈ N by (3.1) and (3.2).
For n1 < j  n2, we have
i
(
cmj
)=
⎧⎨
⎩
2
[m(pjNj+Lj )
Nj
]+ 1, ν(cmj )= 0, if m 	= 0 mod Nj ,
2
[m(pjNj+Lj )
Nj
]− 1, ν(cmj )= 2, if m = 0 mod Nj , (5.5)
for some pj ∈ N0 and LjNj =
θj
2π ∈ (0,1) with (Lj ,Nj ) = 1 by (3.7), (3.4) and (3.5). Here we
view a closed geodesic c in Case 4 as one in Case 5 by Lemma 5.3.
For n2 < j  n3, we have
i
(
cmj
)= 2mpj , ∀m ∈ N, (5.6)
for some pj ∈ N by (3.9) and (3.3). Note that by Lemma 4.3 we obtain 2pj = iˆ(cj ) > 0.
For n3 < j  n4, we have
i
(
cmj
)= mpj , ∀m ∈ N, (5.7)
for some pj ∈ 2N − 1 by (3.9) and (3.6).
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1  m  Nj − 1 and n1 < j  n2 by Proposition 2.1. Then from Lemma 4.2, Theorem 4.4,
Remark 4.5, and (iv) of Proposition 2.5, we obtain
∑
1jn1
(−1)i(cj )+lj kβlj (c1j )
iˆ(cj )
+
∑
n1<jn2
−(Nj − 1)+ (−1)i(cj )+lj kβlj (c
Nj
j )
Nj iˆ(cj )
+
∑
n2<jn3
1
iˆ(cj )
−
∑
n3<jn4
1
2iˆ(cj )
= −1, (5.8)
for some lj ∈ {0,1,2}. Plugging iˆ(cj ) = 2pj for 1 j  n1, iˆ(cj ) = 2pj + 2LjNj for n1 < j  n2,
iˆ(cj ) = 2pj for n2 < j  n3 and iˆ(cj )= pj for n3 < j  n4 into (5.8) yields
∑
1jn1
(−1)i(cj )+lj kβlj (c1j )
2pj
+
∑
n1<jn2
−(Nj − 1)+ (−1)i(cj )+lj kβlj (c
Nj
j )
2(pjNj +Lj )
+
∑
n2<jn3
1
2pj
−
∑
n3<jn4
1
2pj
= −1. (5.9)
Let Nj = 1 for 1 j  n1. Let dj = cNjj for 1 j  n2. Then dj belongs to Case 1 or Case 2
of Section 3. Now if 1 = kβ0 (c
Nj
j ) = k+10 (dj ) k0(dj ) or 1 = kβ2 (c
Nj
j ) = k+12 (dj ) k2(dj ) holds
for some 1 j  n2, we can apply Lemma 4.6 to obtain infinitely many prime closed geodesics,
which contradicts to the finiteness assumption. Hence we have
k+10
(
c
Nj
j
)= k+12 (cNjj )= 0, for 1 j  n2. (5.10)
Thus we have lj = 1 for 1 j  n2. Let
kj = k+11
(
c
Nj
j
)
, for 1 j  n2. (5.11)
Then (5.9) becomes
∑
1jn1
kj
2pj
+
∑
n1<jn2
−(Nj − 1)+ kj
2(pjNj +Lj ) +
∑
n2<jn3
1
2pj
−
∑
n3<jn4
1
2pj
= −1. (5.12)
Let
T =
∏
1jn1
pj
∏
n1<jn2
(pjNj +Lj)
∏
n2<jn4
pj . (5.13)
Multiplying 2T to both sides of (5.12) yields:
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1jn1
T kj
pj
+
∑
n1<jn2
T (kj − (Nj − 1))
(pjNj +Lj) +
∑
n2<jn3
T
pj
−
∑
n3<jn4
T
pj
= −2T . (5.14)
We have
i
(
c
T
pj
j
)= 2T − 1, 1 j  n1, (5.15)
i
(
c
TNj
pj Nj+Lj
j
)= 2T − 1, n1 < j  n2, (5.16)
i
(
c
T
pj
j
)= 2T , n2 < j  n3, (5.17)
i
(
c
2T
pj
j
)= 2T , n3 < j  n4, (5.18)
by (5.4)–(5.7).
By Proposition 2.1, we have
Cq
(
E,cmj
)= δq
i(cmj )+1Q
kj , q ∈ N0, 1m T
pj
, (5.19)
Cq
(
E,cmj
)= 0, 0 q  2T , m T
pj
+ 1, (5.20)
for 1 j  n1. (5.19) holds by (5.4), (5.10) and (5.11). (5.20) holds because i(cmj ) 2T + 1 by
(5.4) and (5.15) when m> T
pj
.
We have
Cq
(
E,cmj
)= δq
i(cmj )
Q, q ∈ N0, 1m TNj
pjNj +Lj , m 	= 0 mod Nj , (5.21)
Cq
(
E,cmj
)= δq
i(cmj )+1Q
kj , q ∈ N0, 1m TNj
pjNj +Lj , m= 0 mod Nj , (5.22)
Cq
(
E,cmj
)= 0, 0 q  2T , m TNj
pjNj +Lj + 1, (5.23)
for n1 < j  n2. Here (5.21) holds because cmj are non-degenerate for m described there. (5.22)
holds by (5.5), (5.10) and (5.11). (5.23) holds because i(cmj ) 2T + 1 by (5.5) and (5.16) when
m>
TNj
pjNj+Lj .
We have
Cq
(
E,cmj
)= δq
i(cmj )
Q, q ∈ N0, 1m T
pj
, (5.24)
Cq
(
E,cmj
)= 0, 0 q  2T , m T + 1, (5.25)
pj
Y. Long, W. Wang / Journal of Functional Analysis 255 (2008) 620–641 639for n2 < j  n3. Here (5.24) holds because cmj are non-degenerate for m described there and
i(cmj ) − i(cj ) is always even. (5.25) holds because i(cmj )  2T + 1 by (5.6) and (5.17) when
m> T
pj
.
We have
Cq
(
E,c2m−1j
)= δq
i(c2m−1j )
Q, q ∈ N0, 1m T
pj
, (5.26)
Cq
(
E,cmj
)= 0, 0 q  2T , m > 2T
pj
, (5.27)
Cq
(
E,c2mj
)= 0, q ∈ N0, m ∈ N, (5.28)
for n3 < j  n4. (5.26) holds since c2m−1j is non-degenerate. (5.27) holds since i(cmj ) > 2T by
(5.7) and (5.18) when m> 2T
pj
. (5.28) holds since i(c2mj )− i(cj ) is odd.
Because all i(cmj ) are odd for 1  j  n2, M1 + M3 + · · · + M2T−1 consists of the sum of
ranks of non-trivial modules produced by cmj in (5.21) and (5.26), hence we have
M1 +M3 + · · · +M2T−1 =
∑
n1<jn2
T (Nj − 1)
(pjNj +Lj ) +
∑
n3<jn4
T
pj
, (5.29)
by (5.5) and (5.7).
On the other hand, because all i(cmj )s are even for n2 < j  n3, M0 +M2 +· · ·+M2T consists
of the sum of ranks of non-trivial modules produced by cmj in (5.19), (5.22) and (5.24), hence we
have
M0 +M2 + · · · +M2T =
∑
1jn1
T kj
pj
+
∑
n1<jn2
T kj
(pjNj +Lj) +
∑
n2<jn3
T
pj
, (5.30)
by (5.4)–(5.6).
Therefore together with Theorems 2.6 and 2.7, (5.14), (5.29) and (5.30), we obtain
−2T = M2T −M2T−1 + · · · −M3 +M2 −M1 +M0
 b2T − b2T−1 + · · · − b3 + b2 − b1 + b0
= −(2T − 1).
This contradiction proves the theorem. 
Corollary 5.4. Suppose that there are precisely two prime closed geodesics c+ and c− on
a Finsler sphere (S2,F ). Then there exists a number α ∈ (0,1) \ Q such that the linearized
Poincaré maps of c± are rotation matrices R(θ±) with θ± = 2π/(1 ± α), respectively. Therefore
the Morse indices of their iterations and their mean indices coincide with those of the two closed
geodesics in the example of A. Katok.
640 Y. Long, W. Wang / Journal of Functional Analysis 255 (2008) 620–641Proof. By Theorems 1.2 and 4.4, the two closed geodesics c+ and c− must have irrational mean
indices which satisfy
1
iˆ(c+)
+ 1
iˆ(c−)
= 1. (5.31)
Without loss of generality, we suppose iˆ(c−) > 2. Thus there exists an irrational number α ∈
(0,1) such that iˆ(c−) = 2/(1 − α). By (5.31) this implies iˆ(c+) = 2/(1 + α). Therefore we
obtain the conclusion on the linearized Poincaré maps, which further imply the properties of
Morse indices. 
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